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Abstract. This paper illustrates the notion of a Cartan subalgebra in a C*- 
algebra through a number of examples and counterexamples. Some of these 
examples have a geometrical flavour and are related to orbifolds and non- 
Hausdorff manifolds. 



1. Cartan subalgebras of C*-algebras 

I recall in this section some definitions and results of |R3j , to which I refer the 
reader for a more complete exposition. 

Definition 1.1. We shall say that an abelian sub-C*-algebra B of a C*-algebra 
A is a Cartan subalgebra if 

(1) B contains an approximate unit of A; 

(2) B is maximal abelian; 

(3) B is regular; 

(4) there exists a faithful conditional expectation P of A onto B. 

The main result of |R3j is a C*-algebraic version of Feldman-Moore's well 
known theorem [FM2 on Cartan subalgebras in von Neumann algebras. This 
theorem establishes an equivalence of categories between twisted countable stan- 
dard measured equivalence relations and Cartan subalgebras in von Neumann al- 
gebras on separable Hilbert spaces. A notable difference in the topological case is 
that equivalence relations (also known as principal groupoids) have to be replaced 
by topologically principal groupoids. The definition of a topologically principal 
groupoid is related to the definition of a topologically free action, as given in [To! 
Definition 2.1]. 

Definition 1.2. We say that a groupoid G on a topological space X (this 
means that G has X = G (0) as its unit space) is topologically principal if the set of 
points of X with trivial isotropy is dense. 

All our examples of topologically principal groupoids will be groupoids of germs. 
Suppose that an inverse semi-group T acts on a topological space X by partial 
homeomorphisms (i.e. homcomorphisms of an open subset of X onto another open 
subset). Then the set G of germs of these homeomorphisms form a groupoid: let 
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us write \g(x), <?, x] the germ of g £ T at a point x in the domain of g; the groupoid 
operations are simply 

[x,g,y][y,h,z] = [x,gh,z] [x,g,y]~ l = [y,^ 1 ,^. 

We identify X with G^ through the map x t—t [x, id, x], where id is the identity 
map of X. The topology of germs turn G into an etale topological groupoid (etale 
means that the range and source maps are local homeomorphisms). Such a groupoid 
is not necessarily Hausdorff, even if the unit space X is Hausdorff, as we usually 
assume. IfTis countable and G<°) is a Baire space, then G is topologically principal. 
Conversely, let G be an etale topological groupoid on a topological space X. Then, 
the inverse semi-group of its open bisections acts on X by partial homeomorphisms. 
The corresponding groupoid of germs is a quotient of G. One says that G is effective 
if this quotient map is injective. If G is Hausdorff and topologically principal, then 
it is effective. 

Let me also recall the construction of the reduced C*-algebra of a Hausdorff 
locally compact groupoid G equipped with a left Haar system A = {X x }. When 
G is etale, one uses the counting measures on the fibers G x — r _1 (x) as a Haar 
system. The following operations turn the space C C (G) of compactly supported 
complex- valued continuous functions on G into an involutive algebra: 

f*g(i) = J /(ttW-^'^CY); 

r{i) = JW r )- 

For each x e G' ', one defines the representation ir x of G C (G) on the Hilbert space 
L 2 (G X ,X X ), where G x = s _1 (x) and X x = (A 11 )" 1 , by 7r x (/)£ = / * £• One defines 
the reduced norm ||/|| r = sup ||7Ta;(/)||. The reduced C*-algebra G*(G) is the 
completion of C C (G) for the reduced norm. We shall need a slight generalization of 
the above construction. A twist over a groupoid G is a groupoid extension 

TxI->£-iG 

where T is the circle group, X is a space and, at the level of the unit spaces, the maps 
X — ► E^ — > G(°) are identification maps. In the topological setting, we require 
the maps to be continuous and the identification maps to be homeomorphisms. We 
replace the complex- valued functions by the sections of the associated complex line 
bundle. Essentially the same formulas as above provide the C*-algebra G*(G, E). 

Theorem 1.3. [R3] Let (G,E) be a twist with G etale, second countable lo- 
cally compact Hausdorff and topologically principal. Then Go(G' ') is a Cartan 
subalgebra of C* (G, E) . 

Conversely, let B be a Cartan sub-algebra of a separable C*-algebra A. Then, 
there exists a twist (G, E) with G etale, second countable locally compact Haus- 
dorff and topologically principal and an isomorphism of C* (G, E) onto A carrying 
G (G(°)) onto B. 

This theorem extends a theorem of Kumjian |Ku2j who deals with the principal 
case and introduces the stronger notion of a diagonal. It requires the property of 
unique extension of states, which is studied in [Gj lABGj . 

Definition 1.4. One says that a sub-C*-algebra B of a C*-algebra A has the 
unique extension property if all pure states of B extend uniquely to pure states of A. 
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A Cartan subalgebra which has the unique extension property is called a diagonal 
(or a diagonal subalgebra). 

Theorem 1.5. |Ku2| IR3] Let B be a Cartan sub-algebra of a separable C*- 
algebra A. Let (G,E) be the associated twist. Then, G is principal if and only if B 
has the unique extension property. 



2. Examples 

2.1. Two non-conjugate Cartan subalgebras. Here are examples of C*- 
algebras containing at least two non-conjugate diagonal subalgebras (which are not 
even isomorphic as algebras). I owe the first one to A. Kumjian. 

1. Let T be the circle and let n be an integer not smaller than 2. Let D n be the 
subalgebra of diagonal matrices in the algebra of matrices M n (C). The C*-algebra 
C(T) (g> M„(C) obviously contains C(T) ® D n — C(T) n as a diagonal subalgebra. 
However, as shown for example in |Kul| Example 3(iii)], C(T) ® M„(C) can be 
realized as the crossed product C*-algebra C(T)xi Z n , of the action of Z n = Z/nZ 
on the circle T by the rotation of angle 2n/n. Therefore, it also contains C(T) as a 
diagonal subalgebra. Both corresponding equivalence relations are equivalent: they 
have the same quotient space T. The first one is given by the trivial covering map 
from T x {1, . . . , n} onto T while the second is given by the covering map z — » z n 
from T onto T. 

2. Let ip : G — > H be a continuous homomorphism of locally compact abelian 
groups G,H. Then G acts continuously on H by left multiplication and we can 
form the crossed product C*-algebra GkCo(H). By dualizing, we get tp : H — > G 
and the crossed product C*-algebra Hv.Cq(G). The Fourier transform gives an 
isomorphism of these C*-algebras. 

If G is discrete and <p is one-to-one, Co(H) is a diagonal subalgebra. Similarly, 
if H is discrete and (p is one-to-one, Cq(G) is another diagonal subalgebra. Both 
conditions happen simultaneously if G is discrete, H is compact, ip is one-to-one 
and has dense range. There are such examples where Co(H) and Co(G) are not 
isomorphic. 

Example 2.1. G = Z 2 , H = R/Z, <p(m, n) = am + fin + Z where (1, a, (3) are 
linearly independent over Q. 

2.2. Variations on the cross. The cross consists of the graph of the func- 
tions y = x and y = —x on the domain [—1, 1]. There are several ways to deal with 
the singular point (0,0). We shall present three of them. 

The C*-algebra A = C([0, 1])®M 2 (C) has the obvious diagonal B = C([0, 1])® 
£>2- It is instructive to look at the pairs (Aj, Bi = A,- n B), where Aj is one of the 
following subalgebras of A. 
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Ai= {feA:f(0) 
A 2 = {feA:f(0) 
A 3 = {/6A:/(0) 

A 4 = {/eA:/(0) 

2.2.1. A groupoid of germs. In the first example, B\ is a Cartan subalgebra of 
A\ which does not have the unique extension property. Indeed, the states / i— * a±6 
both extend the pure state / i— > a of Si. The pair {Ai,B\) can be realized as 
(C*(G),C([—1, 1])), where G is the groupoid of the action of the group Z/2Z on 
[—1,1] by the map Tx = —x. This groupoid can also be described as the groupoid 
of germs of the pseudogroup generated by T: 

G = {(±x,±l,x),x e [-1,1]}. 

It is topologically principal but not principal: the isotropy is trivial at x ^ and 
the isotropy group at x — is Z/2Z. It is an elementary example of an orbifold. 
The C*-algebra A\ is a CCR algebra with non-Hausdorff spectrum. I owe to A. 
Kumjian the observation that A\ does have a diagonal. Indeed, it is isomorphic to 
A4, which has B4 as a diagonal subalgebra. 

2.2.2. A branched covering. The subalgebra B2 is maximal abelian in A 2 . How- 
ever, it does not satisfy the conditions (1) and (4) of the definition of a Cartan sub- 
algebra. Its main defect is to be contained in the ideal /(0) = 0. The C*-algebra 
A 2 can be realized as the C*-algebra of a non-etale principal groupoid, namely 
the equivalence relation R associated to the previous groupoid G. Endowed with 
the product topology of [—1, 1] x [—1,1], it is a proper groupoid. It has the Haar 
system: 

J fd\ x = f(x,x) + f(x,-x). 

The quotient map, which can be realized as the map x — > |x| from [—1, 1] to [0, 1] is 
an elementary example of a branched covering (see |Fo| ) . The construction given 
here appears in |Dej . The C*-algebra A 2 = C*(R,A) does not contain C([— 1,1]) 
as a subalgebra because the diagonal of R is not open; however, it contains B 2 = 
C([— 1, 1] \ {0}). The quotient map G — » R gives the inclusion A 2 C A\. Note also 
that A\ is the unitization of A 2 . It can be readily checked or deduced from : MRW 
that A 2 is a continuous trace C*-algebra. 

2.2.3. An etale equivalence relation. The subalgebra B3 is a diagonal subal- 
gebra in A3. It is realized by the same equivalence relation R as above, but en- 
dowed with a finer topology which makes it etale. Following M. Molberg [Mo , 
we consider the topology r generated by the product topology and the diagonal 
{(x, x),x £ [0, 1]}. Then R T is etale but no longer proper. 
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3. Orbifolds and non-Hausdorff manifolds 

Moerdijk and Pronk have introduced [MP] the notion of an orbifold groupoid 
(here, we only need the topological structure of the spaces, not their differential 
structure): 

Definition 3.1. An orbifold groupoidis a proper, effective, etale, second count- 
able, locally compact and Hausdorff groupoid. 

They arise in the following related situations: 

• orbifolds; 

• foliated manifolds for which all the leaves are compact with finite holo- 
nomy. 

The explicit constructions involve some choices but provide equivalent groupoids 
(see [MM ) . It seems appropriate to define a (topological) orbifold as an equivalence 
class of proper (effective) groupoids. The example 2.2.1 of the previous section is 
an elementary example of an orbifold groupoid. The general case keeps some of the 
features of this elementary example: if G is an orbifold groupoid, its C*-algebra 
is a CCR algebra which admits C (G (0) ) as a Cartan subalgebra. There is an 
intriguing link between the orbifold groupoid G = [—1, l]xZ/2Z of example 2.2.1 
and the non-Hausdorff manifold obtained as the quotient of [0, 1] x {0, 1} by the 
equivalence relation which identifies the two copies of (0, 1]: 

R ={(z,(i,j))& [0,1] x ({0,1} x {0,1}) :i = j if z = 0}. 

This etale equivalence relation gives the diagonal B4 C A4 and we have seen that 
A\ and A4 are isomorphic C*-algebras. The isotropy has been eliminated at the 
expense of non-Hausdorffncss. 

Non-Hausdorff manifolds are a rich source of examples of CCR algebras. Let 
us define a locally compact space as topological space Y such that every point has 
a compact Hausdorff neighborhood. Such a space is T\. Let us define a desingu- 
larization of Y as a surjective local homeomorphism 7r : X — > Y, where X is a 
Hausdorff locally compact space. Then, the graph R of the equivalence relation 
ir(x) — tt(x') on X, endowed with the product topology of X x X is an etale equiv- 
alence relation. It is proper if and only if Y is Hausdorff. The C*-algebra C*(R) 
is CCR and its spectrum is homeomorphic to Y (see for example [00] for these 
facts). This provides a convenient way to construct CCR algebras with arbitrary 
locally compact spectrum. Let Y be a topological space which is T\ . One says that 
two points of Y are separated if they have disjoint neighborhoods and that a point 
y G Y is Hausdorff if it is separated from any other point. The set of Hausdorff 
points of the spectrum of a separable CCR algebra is a dense G5. In many cases 
(for example, when the spectrum is compact (not necessarily Hausdorff) or in the 
case of the C*-algebra of a connected and simply connected nilpotent Lie group), 
the interior of this set is dense. However, in [Dij . Dixmier gives an example of a 
separable CCR algebra such that the set of Hausdorff points of its spectrum has 
an empty interior. Here is an easy construction of a similar algebra inspired by 
Dixmier 's example (I do not know whether the algebras are the same) and also by 
the example A4. Let Z be a Hausdorff locally compact space and let {z n , n 6 N} 
be a countable subset of Z. Then 



R={(z,(i,j))eZx(NxN):i = j if ze{z tl z 3 }} 
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is an open subgroupoid of Z x (N x N) . Therefore, it is an etale equivalence relation 
over X = Z x N. The quotient space Y — X/R can be described as the disjoint 
union of Z and N. The quotient map sends (z, i) G X to z if z ^ z% and to i if 
z — Zi. Open subsets of Z, where a finite number of Zj's have been replaced by i 
form a base for the quotient topology. The space Y is locally compact. If none of 
the Zi's are isolated, the set of Hausdorff points is Z\ {zi, i G N}. It has an empty 
interior if {z i: i G N} is dense in Z. As said before, the C*-algebra C*(R) is CCR 
and has Y as its spectrum. 

4. The non-Hausdorff case 

According to Theorem 1.3, Cartan subalgebras in C*-algebras are intimately re- 
lated to topologically principal etale groupoids. These groupoids arise as groupoids 
of germs. However, the Hausdorffness condition required in the theorem is a se- 
vere restriction. It is still possible to define the reduced C*-algebra C*(G) (and 
C*(G, E)) when G is an etale locally compact non-Hausdorff groupoid. By defini- 
tion, an element of C C (G) is a function of the form / = J2"=i fit where fi G C c (Ui) 
for some open Hausdorff subset Ui C G and /, is its extension by zero to G. Then, 
the definitions are just as above. A function / in C C (G) is not necessarily con- 
tinuous on G. In particular, its restriction to G^ - 1 is not necessarily continuous. 
Thus, the existence of a conditional expectation onto Cq(G^) is problematic. The 
subalgebra C (G^) may also fail to be maximal abelian. Shortly after the work- 
shop, R. Exel gave me an example of a non-Hausdorff groupoid of germs G such 
that the subalgebra Co(G' ') is not maximal abelian (see [Ex]). I then realized 
that this example is related to an earlier example of G. Skandalis which appears in 
|R2) and which I reproduce below. Skandalis' purpose is different: it shows that 
the C*-algebra of a minimal foliation is not necessarily simple when the holonomy 
groupoid is non-Hausdorff. However, both pathologies are based on the same fact. 

Let <?i , gi be homeomorphisms of the circle T having for fixed points set respec- 
tively the oriented arcs [a, 6] and [b,a], where a,b are distinct points of T. Since 
these homeomorphisms commute, they define an action of Z 2 on T such that (m, n) 
acts as g™g2- Let [g(x),g,x] denote the germ of a homeomorphism g at x G T. 
Let G be the groupoid of germs of the g^g^'s. The only points which have non 
trivial isotropy are a and b. The isotropy subgroups at a and b are isomorphic to 
Z 2 . By construction, S(m,n) = {[g™g% (x), g^gE i x ] : s G T} is an open bisection 
of G. The function 

/ = 1,5(0,0) _ ls(l,0) - 15(0,1) + ls(l,l) 

belongs to C C (G), hence to C*(G). It vanishes outside the finite set 

{[a, (to, n), a], [b, (m, n), b], to, n = 0, 1} 

but takes the values ±1 on this set. Since this function has its support contained 
in the isotropy group bundle G' , it commutes with every element of C(T), however 
it does not belong to C(T). 
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